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We construct a quasiclassical framework for topological superconductors with the strong spin-orbit coupling such as
CuxBi2Se3. In the manner of the quasiclassical treatment, decomposing the slowly varying component from the total
quasi-particle wave function, the original massive Dirac Bogoliubov-de Gennes (BdG) Hamiltonian derived from the
tight-binding model represented by 8 × 8 matrix is reduced to 4 × 4 one. The resultant equations are equivalent to
Andreev-type equations of singlet or triplet superconductors, in which the apparent spin-orbit coupling vanishes. Using
this formalism, we find a fact that the odd-parity superconductivity in topological superconductors turns to the spin-
triplet one. Moreover, in terms of the quasiclassical treatment, we show that the topologically-protected zero-energy
states in topological superconductors has the correspondence to the Andreev bound states established in a long history
of studies for the unconventional superconductors. This clearly indicates that low-energy non-trivial superconducting
properties in the topological superconductors can be analyzed by the established theoretical descriptions on the spin-
triplet superconductors.
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Topological superconductors have attracted much atten-
tion, because of their interesting states protected by the non-
trivial topological invariants. A large number of experimen-
talists have intensively explored clear evidence of the topo-
logical superconductivity by various tools, while theorists
have challenged to make convenient theoretical frameworks
to draw their non-trivial nature.1–11 One of the significant phe-
nomena caused by non-trivial topology is that gapless states,
including the zero-energy states, are robustly formed at a
boundary between the phases with different topological in-
variants. In the case of topological superconductors, the zero-
energy quasiparticles are locally bound also in the center of
a quantized magnetic vortex. Such robust zero-energy bound
states are expected to be applicable to quantum computing as
the Majorana fermions.12
In unconventional superconductors, the theoretical descrip-
tion on the bound states at their surfaces has been inten-
sively investigated. Consequently, the emergence of the zero-
energy states at surfaces has been regarded as clear evidence
of the unconventional superconductivity.13–15 These bound
states called the Andreev bound states form when the gap
function changes its sign along the quasiparticle scattering
path at the boundary. Therefore, the momentum-independent
gap functions never generate the Andreev bound states at a
boundary, since they cannot change its sign through the scat-
tering process. However, the three-dimensional topological
superconductor CuxBi2Se3 has the zero-energy bound states
at surfaces even with the momentum-independent and fully-
gapped odd-parity gap function due to the on-site interac-
tion.16, 17 According to the above discussion, this bound state
would be different from the Andreev bound state.
On the other hand, we reported that the topological su-
perconductor with momentum-independent gap function has
a point-node-like excitation and the strong anisotropy of
the thermal conductivity below Tc,18 due to the strong
momentum-dependent spin-orbit couplings. These results im-
ply that the gap functions of topological superconductors
have effective momentum dependence caused by the spin-
orbit coupling. If we construct an effective theory with appar-
ently momentum-dependent gap functions for topological su-
perconductors, the techniques to analyze the Andreev bound
states in unconventional superconductors can be applied to the
surface bound states of topological superconductors.
In this paper, we propose an effective theory with the
2 × 2 spin-triplet and momentum-dependent order-parameter
instead of the original theory for topological superconduc-
tors with the 4 × 4 odd-parity order-parameter, in terms of
the quasiclassical treatment of superconductivity. We argue
a theoretical correspondence between the topologically pro-
tected bound state and the zero-energy Andreev bound state.
The present quasiclassical treatment can map the topologi-
cal superconductivity into the spin-triplet one eliminating the
spin-orbit coupling. According to this treatment, the protected
surface states are reinterpreted as the the Andreev zero-energy
bound states established in a long history of studies for the un-
conventional superconductors. Thus, we reveal that the topo-
logical superconducting nature brought about by the spin-
orbit coupling can be explained by spin-triplet superconduc-
tivity without the coupling.
The quasiclassical theory is successful in the weak-
coupling Bardeen-Cooper-Schrieffer (BCS) type of supercon-
ductivity.13 The theoretical framework is grounded on the fact
that the coherence length ξ is sufficiently longer than the
Fermi wave length 1/kF, i.e., ξkF ≫ 1 which expresses a typ-
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ical scale difference in the weak-coupling superconductivity.
Thus, the quasi-particle wave function can be approximated as
a product of the fast (1/kF) and slowly (ξ) spatially-variational
functions, and the quasiclassical theory concentrating only
on the slow component offers the significantly reduced mod-
els compared to the original Bogoliubov de Gennes (BdG)
equations. Mathematically, the second-order differential eigen
equations are reduced to the first-order differential equations
on the one-dimensional line called the trajectory.13, 19–21 So
far, various types of the analytical and numerical techniques
on the quasiclassical theory have been developed and success-
fully applied to a tremendous number of conventional and un-
conventional superconductors.13, 19–28
The quasiclassical treatment of the topological supercon-
ductors itself is very important in order to treat the inhomo-
geneous systems. Since the BdG framework requires huge-
scale numerical computations for a diagonalization the BdG
Hamiltonian, the quasiclassical approximation has been uti-
lized with significant computational cost reduction which en-
ables to access several inhomogeneous situations like a vor-
tex, its lattice, an interface with non-superconducting blocks,
and so on. Indeed, the case of the topological superconduc-
tor with the strong spin-orbit coupling such as CuxBi2Se3 is
the most prominent example. The minimum BdG model for
topological superconductors demands two orbital degrees of
freedom coupled with two spin degrees,16, 29–32 and the resul-
tant BdG equations are represented by an 8×8 Hamiltonian
matrix, much larger than the conventional 2 × 2 one.
In this paper, we construct a reasonable quasiclassical
framework on the topological superconductors. Starting with
the massive Dirac BdG Hamiltonian describing the topolog-
ical superconductors,18, 34 we present that the derived quasi-
classical BdG equations become equivalent to the conven-
tional linearized BdG (Andreev) equations for spin singlet or
triplet gap function depending on the original gap types. Es-
pecially, we point out that all the possible odd-parity order-
parameters can be mapped onto the spin-triplet ones through
the present quasiclassical treatment. This fact clearly indi-
cates that any low-energy topological superconducting prop-
erties in the odd-parity order-parameters are linked to those of
the triplet superconductivity.
Now, let us begin to construct a quasiclassical formalism
for topological superconductors. The typical topological su-
perconductor CuxBi2Se3 can be described by the massive
Dirac-type BdG Hamiltonian, which includes spin-orbit cou-
pling, expressed as18, 34
H =
∫
dr
(
¯ψ(r) ¯ψc(r)
) ( ˆH−(r) ∆−(r)
∆
+(r) ˆH+(r)
) (
ψ(r)
ψc(r)
)
,
(1)
where
ˆH±(r) = M0 − i∂xγ1 − i∂yγ2 − i∂zγ3 ± µγ0. (2)
Here, γi is a 4 × 4 Dirac gamma matrix, which can be de-
scribed as γ0 = σˆz ⊗ 1, γi=1,2,3 = iσˆy ⊗ sˆi, and γ5 = σˆx ⊗ 1
with 2 × 2 Pauli matrices σˆi in the orbital space and sˆi in
the spin space, ψ(r) is the Dirac spinor, ¯ψ(r) ≡ ψ†(r)γ0,
¯ψc(r) ≡ ψ†cγ0, and ψc ≡ C ¯ψT , where C(≡ iγ2γ0) is the repre-
sentative matrix of charge conjugation. ∆− is the gap function
and ∆+ ≡ γ0(∆−)†γ0. Considering only the on-site pairing in-
teraction, the possible gap forms are reduced into six types of
functions as seen in Table I.18 From the Hamiltonian Eq. (1),
the correspondent 8 × 8 BdG equations are given as(
ˆh0(r) − µ ˆ∆(r)
ˆ∆
†(r) ˆh0(r) + µ
) (
u(r)
uc(r)
)
= E
(
u(r)
uc(r)
)
, (3)
where γ0 ˆH± = ˆh0 ± µ, and ˆ∆ = γ0∆−. Note that v in the
conventional Nambu eigen state form, (u, v)T is related to uc
as v ≡ iγ2uc.
The quasiclassical theory is founded on an assumption that
the coherence length ξ is much longer than the Fermi wave
length 1/kF (ξkF ≫ 1).19 This assumption is valid, when the
order parameter amplitude |∆0| is much smaller than the Fermi
energy EF (|∆0|/EF ≪ 1), and this condition is fully fulfilled
in BCS weak-coupling superconductivity. In this theory, the
wave function is expressed by a product of the fast oscillating
one characterized by the Fermi momentum pF and the slowly
varying one by the coherence length ξ. The quasiclassical so-
lution of the BdG equations is given as(
u(r)
uc(r)
)
∼
(
uN1 (r, pF) f1(r, pF) + uN2 (r, pF) f2(r, pF)
uN
c1(r, pF)g1(r, pF) + uNc2(r, pF)g2(r, pF)
)
,
(4)
where fi and gi correspond to slowly varying components, uNi ,
uNci are the fast oscillating function and adopeted as normal-
state eigenvectors satisfying the eigen-equations,
ˆh0(r)uNi (r, pF) = µuNi (r, pF), (5)
ˆh0(r)uNci(r, pF) = −µuNci(r, pF). (6)
Here, the chemical potential is supposed to be larger than the
mass (µ > M0). The eigenvectors are given as
uNi (r, pF) = ceipF·r
(
χi
pF·σ
E0+M0 χi
)
, (7)
and
uNci(r, pF) = ceipF·r
( − pF·σE0+M0 χi
χi
)
, (8)
where, χT1 = (1, 0), χT2 = (0, 1), and c ≡
√(E0 + M0)/2E0 ob-
tained by the normalized condition uN†i u
N
i = 1 and E0 = µ =√
M20 + p
2
F. These solutions u
N
i and uNci are well known as the
free particle and anti-particle solutions in the Dirac equation
in high energy physics, respectively. Here, we note that f1 and
f2 have dominant weights on the up and the down spins, re-
spectively, in the non-relativistic limit |pF|/M0 ≪ 1. With the
use of the above wave functions, we reach 4× 4 matrix eigen-
value problem with respect to four functions ( f1, f2, g1, g2)
from 8 × 8 BdG equations. The diagonal blocks in the BdG
Hamiltonian (Eq. (3)) are converted as
f ∗i uNi (r, pF)†(ˆh0 − µ)uNj (r, pF) f j = − f ∗i (r)ivF · ∇ f j(r)δi j, (9)
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where we use the relation vF ≡ ∂E0/∂pF = pF/E0. The diago-
nal term includes vF · ∇, which is well known as the differen-
tial operator in the conventional quasiclassical theory.19–21 We
note that the diagonal term does not have the spin-orbit cou-
pling. The conversions of the off-diagonal blocks depend on
the type of the gap functions described below. Eventually, we
have effective 4× 4 quasiclassical BdG equations represented
as( −ivF · ∇ ˆ∆eff(r, pF)
ˆ∆
†
eff
(r, pF) ivF · ∇
) ( f (r, pF)
g(r, pF)
)
= E
( f (r, pF)
g(r, pF)
)
,
(10)
where f T = ( f1, f2), and gT = (g1, g2)(−iσy)T . The gap func-
tions are converted into ˆ∆eff ≡ ˆ∆quasiiσy, where ( ˆ∆quasi)i j ≡
uNi (r, pF)† ˆ∆(r)uNc j(r, pF). We multiply iσy by g to obtain the
conventional BdG form. All the converted gap functions are
listed in Table I. All odd-parity gap functions are converted
to spin-triplet ones, while all even-parity become spin-singlet
ones. As an example exhibited in Table I, the pseudo-scalar
order parameter is equivalent to the spin-triplet order param-
eter whose d-vector rotates in momentum space (d(k) ∝ p).35
The polar vector types also correspond to spin-triplet order
parameters characterized by the d-vectors36 shown in Table I.
It should be noted that a pseudo-scalar type gap function is
equivalent to that of B-phase in superfluid 3He.37, 38 Thus, one
can observe the various kinds of interesting phenomena pre-
dicted in terms of studies of the B-phase in topological super-
conductors with a strong spin-orbit coupling. We address that
the Eilenberger, Usadel, and Ginzburg-Landau equations13
are also derived by our present treatment. The details will be
shown elsewhere.
Here, we comment on the momentum dependence of the
mass term M0 → M(p) = M0+M1 p2 usually used in the topo-
logical insulators. The sign of M0/M1 determines whether the
system is the topological insulator or not.39 Then, one can also
obtain the quasiclassical BdG equations, by replacing the ve-
locity vF and E0 by v′F(≡ ∂E/∂pF) = (1+2M(pF)M1)pF/E and
E =
√
M2(pF) + p2F, respectively. We note that there are two
Fermi momenta pF,1 and pF,2 in the same momentum direction
when the Fermi velocity v′F1(pF,1) < 0. The bound states can
form at each Fermi momenta in this “two-band” supercon-
ductor. Thus, in the present quasiclassical theory, The energy
spectrum of bound states depends on the material parameters
M(pF) and M1, as discussed by Yamakage et al..39
Let us demonstrate the correspondence between the topo-
logically protected bound states and the zero-energy An-
dreev bound states. The Andreev bound states occur when
the sign of the gap function changes through the scatter-
ing process. Since the spin-triplet case has been extensively
investigated about the Andreev bound state, one can easily
draw new features of the topological superconductors through
the previous rich knowledge due to the correspondence. The
first demonstration is the topologically-protected bound states
at an interface, and the second is those in a vortex. It is
well known that a topological superconductor with the fully-
gapped gap function called the pseudo-scalar type has the
topologically-protected surface gapless states.18 In terms of
the Andreev bound states, the zero-energy bound states form
when the sign of the gap function changes through the scat-
tering process.14, 15, 33 The correspondent effective d-vector
for the pseudo-scalar type gap function is proportional to
the momentum d(p) ∝ p as shown in Table I. Thus, the
sign change of the gap function always occurs in the back-
ward scattering (pout = −pin), where the momentum pin(out) is
that of the initial (final) quasiparticle states. We note that the
sign of the d-vector changes through the backward scattering
d(pin) = −d(pout) in all topological odd-parity gap functions
as shown in Table I. In the case of the polar-vector type super-
conductors, it should be noted that there is no gapless state in a
specific direction as shown in Refs.16,31,32. This is naturally
explained by the fact that the sign of the gap function does not
change if the surface is parallel to the d-vector. Thus, we con-
clude that the topologically-protected zero-energy states are
equivalent to the Andreev bound states in all topological odd-
parity gap functions within the quasiclassical treatment.
We can confirm the above statement by solving Eq. (10).
A boundary condition for Eq. (10) is derived from the orig-
inal BdG equations with the approximated wave function in
Eq. (4). In the quasiclassical treatment, the bound states con-
sist of the linear combination of the wave functions with pFin
and pFout. According to Ref. 40, 41, we adopt the boundary
condition for a surface at z = 0 given by γ3u(z = 0) = iu(z =
0) and γ3uc(z = 0) = iuc(z = 0). The boundary condition
for Eq. (10) with pFx = pFy = 0 becomes f (z = 0, pFz) =
A(pFz) f (z = 0,−pFz) and g(z = 0, pFz) = A(pFz)g(z =
0,−pFz), where A(pFz) ≡ (−ipFz+E0+M0)/(−ipFz−(E0+M0)).
With the straightforward calculation, we can obtain the result
that the zero-energy bound states appear when ˆ∆eff(pFz) =
− ˆ∆eff(−pFz), which is equivalent to that in the conventional
quasiclassical theory.
The next issue is the quasiparticle bound states in a vortex
core. A vortex locally breaks a superconducting order param-
eter so that quasiparticles form discrete energy levels inside a
vortex. These bound states are also called the Andreev bound
states. In topological superconductors, the zero-energy bound
states called the Majorana bound states appear inside a vortex
core. There is the useful method to investigate the energy lev-
els on the basis of the Bohr-Sommerfeld quantum condition
around a vortex.19 In this paper, we apply this method for p-
wave superconductivity to a topological superconductor. We
already obtained the zero energy Majorana bound states by
solving the original Dirac-BdG equations (3) in the pseudo-
scalar type gap function as in Ref. 34. Here, we show that the
pseudo-scalar type has zero-energy Majorana fermions inside
the vortex core in terms of the quasiclassical treatment. The
pseudo-scalar gap whose matrix elements are written in the
present quasiclassical theory as
ˆ∆
P−scalar
eff (r, pF) =
∆0(r)
E0
( −px + ipy pz
pz px + ipy
)
. (11)
In the case of pz = 0, one can decouple the quasiclassical
3
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Table I. The correspondence between the original BdG gap functions ˆ∆− and the effective ones ˆ∆eff(pF) in quasiclassical theory. “P-scalar” denotes a pseudo
scalar whose parity is odd and “i-polar” denotes a polar vector pointing the i direction in four dimensional space.
ˆ∆
− Parity ˆ∆eff (pF) Correspondent description
Scalar γ5 + iσy singlet
t-polar γ0γ5 + M0iσy/E0 singlet
P-scalar 1 − i(pF · σ)σy/E0 triplet: d = (vx , vy, vz)
x-polar γ1γ5 − i(pF × σ)xσy/E0 triplet: d = (0,−vz, vy)
y-polar γ2γ5 − i(pF × σ)yσy/E0 triplet: d = (vz , 0,−vx)
z-polar γ3γ5 − i(pF × σ)zσy/E0 triplet: d = (−vy, vx, 0)
BdG (Andreev) equations (10) with two chiral p-wave gap
functions∆eff± ∝ px±ipy. In such a case, according to Ref. 19,
the energy spectrum specified by the vortex line along the z-
direction is given as
En(pz = 0) = ω0n, (12)
ω0 ≡
∫ ∞
−∞ ds
∆0(|s|)
|pF ||s| e
−2K(s)
∫ ∞
−∞ dse
−2K(s) , (13)
where K(s) =
∫ s
0 ds
′signs′∆0(|s′|)/|vF|. Here, n is the integer
quantum number related to the angular momentum. Equation
(12) clearly indicates the zero-energy states when n = 0.
The correspondence between the odd-parity topological su-
perconductors and the spin-triplet ones is quite useful for find-
ing novel phenomena. For example, by using the previous in-
sights on the chiral p-wave superconductors,42 we can show
that the Majorana vortex bound states are spin polarized in the
pseudo-scalar type gap function, which has been proposed in
our previous paper with the use of the Dirac BdG equations.34
In the case of pz = 0, there are the equations for ( f1, g1) with
the effective order parameter px − ipy and for ( f2, g2) with the
effective order parameter px + ipy as shown in Eq. (11). We
note that f1 ( f2) is the spin-up (spin-down) dominant solution
as shown in Eq. (7). Thus, we can consider the effective two-
p-wave model to discuss this topological superconductivity.
One can show that the bound states are spin-polarized since
the bound states in each p-wave state have the different spatial
distribution around a vortex due to the internal orbital angular
momentum of a p-wave Cooper pair, as mentioned in Ref. 34.
We also show that the other gap function also has the spin-
polarized Majorana bound states. In the z-polar topological
superconductor, the effective gap function is written as
ˆ∆
z−polar
eff
(r, pF) = ∆0(r)E0
(
i(px − ipy) 0
0 i(px + ipy)
)
. (14)
In the magnetic field parallel to the z-direction, the present
quasiclassical equations can be regarded as those with two
chiral p-wave gap functions ∆eff ∝ px ∓ ipy, Thus, the zero
energy Majorana bound states are predicted to have down-
spin polarization in the vortex core.
In conclusion, we showed that the topologically-protected
zero-energy states in a topological superconductor are equiv-
alent to the Andreev bound states in terms of the quasiclassi-
cal treatment. We derived the quasiclassical BdG equations in
topological superconductors having strong spin orbit coupling
from the Dirac-BdG equations. The obtained equations are
equivalent to the linearized BdG (Andreev) equations with the
effective gap functions shown in Table I. With the use of these
effective gap functions, one can easily investigate the topolog-
ical superconductors through the correspondence to the spin-
triplet superconductors. Indeed, we confirmed that the various
insights about the two-band behavior of the energy spectrum,
the zero-energy surface states, and the spin-polarized vortex
core can be described in the present quasiclassical theory. One
can use several well-developed techniques of the quasiclassi-
cal theory to study the inhomogeneous topological supercon-
ductors with the strong spin-orbit coupling.
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